Abstract-In virtual colonoscopy, CT scans are typically acquired with the patient in both supine (facing up) and prone (facing down) positions. The registration of these two scans is desirable so that the user can clarify situations or confirm polyp findings at a location in one scan with the same location in the other, thereby improving polyp detection rates and reducing false positives. However, this supine-prone registration is challenging because of the substantial distortions in the colon shape due to the patient's change in position. We present an efficient algorithm and framework for performing this registration through the use of conformal geometry to guarantee that the registration is a diffeomorphism (a one-to-one and onto mapping). The taeniae coli and colon flexures are automatically extracted for each supine and prone surface, employing the colon geometry. The two colon surfaces are then divided into several segments using the flexures, and each segment is cut along a taenia coli and conformally flattened to the rectangular domain using holomorphic differentials. The mean curvature is color encoded as texture images, from which feature points are automatically detected using graph cut segmentation, mathematic morphological operations, and principal component analysis. Corresponding feature points are found between supine and prone and are used to adjust the conformal flattening to be quasi-conformal, such that the features become aligned. We present multiple methods of visualizing our results, including 2D flattened rendering, corresponding 3D endoluminal views, and rendering of distortion measurements. We demonstrate the efficiency and efficacy of our registration method by illustrating matched views on both the 2D flattened colon images and in the 3D volume rendered colon endoluminal view. We analytically evaluate the correctness of the results by measuring the distance between features on the registered colons.
INTRODUCTION
Colorectal cancer is the third most incident cancer and the second leading cause of cancer related mortality in the United States [15] . Optical colonoscopy (OC), whereby precancerous polyps can be located and removed, has been recommended for screening and has helped to greatly reduce the mortality rate of colorectal cancer [4] . Virtual colonoscopy (VC) techniques have been developed as viable non-invasive alternatives to OC for screening purposes [12, 19] . For a VC procedure, computed tomography (CT) scans of the abdomen are commonly acquired with the patient in both supine (facing up) and prone (facing down) positions. From these scans, the colon wall can be extracted as in Figure 2 and visualized by the VC user as a volume rendered endoluminal view, mimicing the endoscopic view of an OC. The use of computer-aided detection (CAD) of colonic polyps has also been suggested [14, 38, 39] . A CAD scheme can help to reduce the necessary reading and interpretation time of the user and can act as a second reader to improve detection rates in VC. Though various CAD methods can achieve different accuracies, a common problem among them is the presence of false positives in the results. A reduction of these false positives would help the user to focus on true suspicious areas and not waste time on unimportant regions.
In addition to the general VC and CAD techniques, researchers have worked to find new ways of visualizing the data to aid the user in identifying polyps or assisting with interventional needs. Volumetric curved planar reformation has been used to aid the viewer in locating polyps with a 3D surface superimposed over the standard CT slices [35] . For simulating intestinal surgery, a system has been developed to visualize the colon and provide collision processing [27] . There has also been work in creating a correlation between the VC navigation view and the OC view based upon the different view paths [23] . In this work, we aim to add another visualization tool to the doctor's toolbelt. The main goal of our work is to allow the user to view one location on the colon (whether in a 2D flattened view or a 3D endoluminal view) in one scan, and then jump to and view the identical region in the other scan. We also show how the user can visualize the deformation of the colon surface if such a utility is desired.
Throughout the development of VC, the registration of the supine and prone scans has remained a constant and challenging problem [1, 6, 25] . Being able to register these two scans is useful for both a routine VC system and for a CAD system. In the case of a VC system, providing the user the ability to jump from one area in one scan to the same area in the other scan would allow for the easy comparison of these areas when something might be unclear in one of the scans, or for confirming a finding. For a CAD system, a proper registration could help achieve greater accuracy while at the same time reducing false positive results. We are presently interested in performing supine-prone registration due to the visualization possibilities that it presents, both for viewing corresponding regions of the colon surface as well as for visualizing the elastic deformation of the colon.
In this paper, we present a method of supine-prone registration using conformal colon flattening. Conformal colon flattening has been introduced as an enhancement for VC navigation [13] and has been utilized successfully for CAD [14] . According to conformal geometry theory, there exists an angle preserving map which periodically flattens the colon surface onto a planar rectangle. This mapping minimizes the total stretching energy. Because the conformal mapping is locally shape preserving, it offers an effective way to visualize the entire colon surface and exposes all of the geometric structures hidden in the original shape embedded in 3D.
The characteristics of the deformation between supine and prone is determined by the elasticity properties of the tissues and muscles. The strain-stress relations for different types of tissues or muscles are different. If the strain-stress relation deformation is independent of the orientation, then local deformation is practically a scaling, and the global deformation is conformal. In that case, we can flatten each supine and prone surface to a planar rectangle conformally, and those two rectangles should be similar. By aligning the planar rectangles, we can get a one-to-one and onto mapping, and obtain the registration between them. In this work, we introduce this registration approach and carefully design experiments to test whether the deformation between supine and prone is conformal or not. Our experimental results show that the deformation is not conformal, but close to conformal.
An elastic deformation with bounded angle distortion is called a quasi-conformal map. The angle distortion for a quasi-conformal map can be represented as a complex valued function, the so-called Beltrami coefficient. The Beltrami coefficient fully controls the quasiconformal map, which is determined by the elasticity of the underlying material. By better understanding the deformation between supine and prone, we can understand the elasticity of the tissues and muscles and vice versa.
The non-rigid elastic deformation between supine and prone colons poses a great challenge for shape registration. In this work, we locate and match the anatomical landmarks and internal features on conformally flattened supine and prone surfaces, and compute a harmonic map with these feature constraints in linear computational complexity. The resulting supine-prone registration is a quasi-conformal map (diffeomorphism), which reflects the elastic deformation of the muscle and tissue. The distortion is evaluated by the Beltrami coefficients. Our experiments on 6 pairs of supine-prone colons obtained an average R 3 distance error of 7.85mm for the feature points and polyps evaluated. To the best of our knowledge, this is the first work to apply geometric mapping for supine-prone colon registration by converting the 3D registration problem to a 2D image matching problem. The whole process is efficient and automatic, and our registration method performs better than other existing methods (see Section 6.1). Figure 3 shows our registration pipeline, which primarily consists of five stages. As the input, the supine and prone CT scans are subjected to the pre-processing steps, including cleansing, segmentation with topological simplification, and surface mesh reconstruction, which have been studied previously and are outside the scope of this paper. Given the supine and prone surfaces, anatomical landmarks are extracted (see Section 4.1). Using these landmarks, the colon surfaces of both supine and prone are decomposed to segments. For each segment, a flat rectangular conformal mapping is obtained (see Section 4.2). Based on these flat images, feature points are detected and their correspondences between supine and prone are obtained (see Section 4.3). With the feature correspondence constraints, the supine-prone registration is performed using a harmonic map (see Section 4.4) .
Given the completed supine-prone registration, we present the methods in which we visualize the results of our registration algorithm. We firs demonstrate flattened rendering of the colon in the native 2D registration format (see Section 5.1). For the endoluminal views which would be used by a radiologist reading a case, we detail a method to provide correlated views between supine and prone (see Section 5.2). To better understand where the deformation occurs most on the colon surface, we show the visualization of the Beltrami coefficient both in 2D and 3D (see Section 5.3). The results of our registration are analyzed and discussed in Section 6. We verify the efficacy of our work using both objective analytic and subjective visual methods. We present the related work in the next section and brief background information on conformal mapping and quasi-conformal mapping in Section 3 to familiarize the reader with the terms.
RELATED WORK
Early work on supine-prone registration for VC applications focused on using the centerlines and various landmarks. A basic method applies linear stretching and shrinking operations to the centerline, where local extrema are matched and used to drive the deformations [1] . Improved methods of centerline correlation were also investigated for use in reducing false positive results [25] . Correlating individual points along the centerline through the use of dynamic programming has also been suggested [6, 24] .
More recently, the taeniae coli (three bands of smooth muscle along the colon surface) have been used as features which can be correlated between the two scans [16, 17] . This relies on a manual identification of one of the three taeniae coli, and then an automatic algorithm repeats the line representing the identified taenia coli at equal distances. Further progress has been made where the haustral folds and the points between them can be automatically detected, and the taeniae coli are identified by connecting these points [32] . However, this method is only feasible on the ascending and transverse portions of the colon.
Deformation fields have also been suggested for use in supine-prone registration. Motion vectors can be identified for matched centerline regions, interpolated for non-matched regions, and then propagated to the entire volume [28] . It has also been proposed to use a free-form deformation grid to model the possible changes in the colon shape from supine to prone [26] .
Conformal mapping has been successfully used for many medical applications, such as brain cortex surface morphology study [10] and colonic polyp detection [14] . In this work, we perform the supineprone registration through conformal mapping based on holomorphic 1-forms. The colon surface is reconstructed from CT images, represented as a topological cylinder in the discrete form of a triangular mesh, and conformally mapped to a planar rectangle. The computation of the conformal mapping using holomorphic 1-forms has linear complexity. The subsequent registration is carried out through the 2D conformal mapping images of the supine and prone colons.
Discrete holomorphic forms have been introduced to compute global conformal surface parameterizations for general surfaces [11] . Optimal holomorphic 1-forms have been used to reduce area distortion for visualization purposes [18] . Work has been done to generalize 1-forms to parameterize genus one meshes [9] and to incorporate cone singularities [30] . Discrete 1-forms have been applied for meshing point clouds [29] , surface tiling [7] , and quadriangulation [30] . It has also been applied in computer vision for 3D shape matching, recognition, and stitching [33, 37] . The holomorphic 1-form method has been applied for CAD of colonic polyps, where the use of planar conformal mapping improved the efficiency and accuracy in detecting polyps [14] . In terms of surface registration by conformal mapping, the smooth one-to-one maps between closed surfaces of the same topology have been computed [22] . However, that work employed non-linear mapping computation and did not provide a solution to handle open surfaces.
Because the deformation from supine to prone is not conformal, we generalize the conformal colon flattening method to a quasi-conformal flattening for registration purpose. Most existing colon registration methods cannot guarantee the mapping to be a diffeomorphism (oneto-one and onto mapping). Due to the complicated geometric structure of the colon surface, the existing methods often introduce folding or singularities in the mapping. Our method is based on the biophysical nature of the deformation from supine to prone, which is physically elastic and anisotropic. Due to the material properties of the muscles and tissues, the deformation can be exactly modeled as a quasiconformal map. Our experimental results validate that the mapping is indeed quasi-conformal. To the best of our knowledge, this work is the first to use quasi-conformal mapping for supine-prone registration.
FUNDAMENTALS OF QUASI-CONFORMAL MAP
We present here brief background information for conformal mapping and quasi-conformal deformation. We refer interested readers to our previous work on colon flattening [13] and quasi-conformal mapping [36] , or to our appendix, provided as electronic supplementary material, which provide further mathematical details.
Let S be a surface embedded in R 3 and g is the induced Euclidean metric. Given two surfaces with Riemannian metrics (S 1 , g 1 ) and (S 2 , g 2 ), then φ : S 1 → S 2 is a diffeomorphism between them. We say φ is a conformal map if the pull back metric induced by φ satisfies the following relation: φ * g 2 = e 2λ g 1 .
Intuitively, this means that the conformal mapping φ maps infinitesimal circles on S 1 to infinitesimal circles on S 2 . In general, a diffeomorphism φ maps infinitesimal ellipses on S 1 to infinitesimal circles on S 2 . As shown in Figure 4 , the eccentricity and the orientation of the ellipse can be described by a complex differential μ, which is called the Beltrami coefficient. The dilatation K is defined as
which gives the upper bound of the distortion (local stretching). A quasi-conformal (QC) map with dilatation K is called a K-QC map.
. Geometric meaning for Beltrami coefficients μ. The quasiconformal deformation can be measured by the local stretching K and the angle distortion θ through mapping infinitesimal circles to ellipses.
We can choose special local complex coordinates z of S 1 and w of S 2 such that g 1 = e 2η 1 dzdz and g 2 = e 2η 1 dwdw. Then, the local representation of φ : z → w satisfies the following Beltrami equation:
where |μ| < 1. If μ is zero, then the mapping is conformal. The fundamental theorem in quasi-conformal geometry claims that the solution to the Beltrami equation exists and is essentially unique. Our experiments demonstrate that the deformation from supine to prone is not conformal, but is a K-QC mapping because it is elastic. Furthermore, the Beltrami coefficient |μ| shows the anisotropy of the deformation at each point, which reflects the anatomic characteristic of the colon wall tissue in the neighborhood.
REGISTRATION ALGORITHM
This section explains in detail the algorithmic pipeline for supine and prone colon registration. In practice, all surfaces are approximated by piecewise linear polygonal meshes. We denote a mesh as M and use (V, E, F) for its vertex, edge, and face sets. We denote v i as the ith vertex, e i j as the half-edge from v i to v j , f i jk as the face formed by {v i , v j , v k }, and θ jk i as the corner angle at vertex v i in the face f i jk .
Taeniae Coli and Flexures Extraction
The taeniae coli and the flexures are important anatomical landmarks of the colon which do not change despite the change in position of the patient. Corresponding anatomical landmarks in supine and prone colons are automatically extracted in a robust manner, which are then used to cut each colon into its anatomical segments, as well as slicing the colon open for flattening. The five segments of the colon, starting from the cecum, are the ascending colon (A), the transverse colon (T), the descending colon (D), the sigmoid colon (S), and the rectum (R).
Taeniae coli are three bands of longitudinal muscle on the surface of the colon. They form a triple helix structure from the appendix to the sigmoid colon and are ideal references for virtual navigation. The taeniae coli are named taenia omentalis, taenia mesolica, and taenia libera according to the position on the transverse colon. Taeniae coli can be regarded as ridge breakers for the haustral folds (located between the haustral folds). It is relatively easy to extract the taenia omentalis as it is clearly visible on the transverse and ascending colons. Similar to reported approaches [5, 20] , we identify the taeniae coli by detecting the haustral folds, which are computed initially using the heat diffusion and fuzzy C-means clustering algorithms [20] . Using these haustral folds, we extract the taenia omentalis and the other two taeniae coli [16]. Although we extract all three bands of taeniae coli, we mostly use the taenia omentalis for subsequent processing. Figure 5 shows the front and back views of a taenia coli on the prone colon surface. In our experience, we have been able to extract the taenia coli automatically through the entire colon. However, if fully automatic extraction is impossible in some dataset, a semi-automatic method using a manually placed marker could be employed to improve reliability. In this paper, we present a method to identify the locations of the four major flexures in the colon. These flexures are further anatomical landmarks which help in virtual navigation and supine-prone alignment and cutting. The first major flexure occurs between the ascending colon and the transverse colon (A-T flexure). This is the flexure close to the liver and is called the hepatic flexure. The second major flexure occurs between the transverse colon and the descending colon (T-D flexure). This flexure is close to the spleen and is named the splenic flexure. The third flexure occurs between the descending colon and the sigmoid (D-S flexure), and the final flexure is between the sigmoid and the rectum (S-R flexure). All of these flexures form very sharp bends and are distinguishable from other smaller bends. Theoretically, the A-T flexure forms the topmost point of the ascending colon and the T-D flexure forms the topmost point of the descending colon.
For the detection of these flexures, we utilize the 3D centerline [2] . This centerline is projected onto a 2D coordinate system in positive z − x and positive y − z planes. The bends in this centerline are identified by iteratively evaluating the slopes along the projected curves in the two planes. Not all of the bends are important, so small bends are discarded based on a threshold and only the major bends are retained. All of these detected bends are sorted based on their z-coordinate (up direction). We identify the T-D flexure as the bend with the highest z-coordinate and identify the A-T flexure as the bend with second highest z-coordinate. In the event that the A-T flexure has a higher z-coordinate than the T-D flexure, the order of the two points along the centerline can be used to confirm the correct identifications. The S-R flexure is the bend with the lowest z-coordinate. The next bend in the sorted order after the T-D flexure whose y-coordinate is comparable to that of the T-D flexure forms the D-S flexure. These four positions are then mapped back to the 3D coordinate system and the corresponding 3D coordinates of the centerline are obtained. However, the points that we obtained are those on the centerline and not on the surface. Using these points, the areas on the surface where the flexures are present need to be marked. For each point, we define a plane othogonal to that point. The intersection of the plane with the mesh surface is computed and a polyline is marked by joining the intersection points using Dijkstra's algorithm. Consequently, the flexures on the surface are extracted. The four extracted flexures between the five segments of the colon are illustrated in Figure 6 on the prone colon surface.
Conformal Mapping
As shown in Figure 7 , the colon segment (a) is a topological cylinder with two boundaries, cut by the flexures. We slice it open to a topological disk along the taenia coli, which connects the two boundaries. Then, we compute the harmonic functions (b-c) and holomorphic differentials (d-e) to conformally map the surface to a rectangle (f).
Given a triangular mesh Q of genus zero with two boundaries, γ 1 and γ 2 , assume the boundary of Q is ∂ Q = γ 1 − γ 2 , where γ 1 denotes the outer boundary and γ 2 the inner boundary. δ is the slicing line between γ 1 and γ 2 , which cuts Q open toQ, and δ + , δ − are the two splits of δ . In order to find a conformal mapping φ : Q → C which maps Q to a planar rectangle, we compute two harmonic functions
Here, f 1 is computed on Q, and f 2 onQ. Figures 7 (b) and (c) show the level sets of the harmonic functions f 1 and f 2 , respectively. We use the cotan formula [11] to approximate the Laplace-Beltrami operator. For each edge [v i , v j ], whose the two adjacent triangles are
, the angles against the edge are θ k i j and θ l ji in each triangle respectively, then the cotangent weight is defined as
The Laplacian of a function f : V → R is then defined as:
Then, ∇ f 1 is a closed harmonic 1-form, and ∇ f 2 is an exact harmonic 1-form. We need to find a scalar λ such that * ∇ f 1 = λ ∇ f 2 . This can be achieved by minimizing the following energy: 
where q is the base point and the path from q to p is arbitrarily chosen. Then, the surface is conformally mapped to a planar domain. By tracing the straight line perpendicular to the two boundaries γ 1 and γ 2 , we obtain a rectangular fundamental domain, as shown in Figure  7 (f). The checker-board (d) and circle-packing (e) texture mappings demonstrate the conformality of the mapping, where the right angles and the circles are preserved. This conformal mapping based on holomorphic differentials has linear computational complexity, and we use the conjugate gradient method to solve the linear system.
Feature Points Detection and Matching
After we map each colon segment onto a planar rectangle, we color encode the mean curvature to generate color images. Figures 8 (b) and (f) show the mean curvature images for supine (a) and prone (e). The mean curvature on v i , H(v i ), is approximated by
where n i is the normal at the vertex v i , <, > is the inner product in R 3 , and w i j is the cotangent weight. We analyze these color coded flattened colon segments to obtain specific feature points for better registration. We use the well known graph cut approach from computer vision to find the regions of interest. The required regions of interest on the flattened supine and prone images are the folds. A graph is constructed using the pixels of the image as the nodes. Assuming a virtual sink and source, edges are constructed with appropriately assigned weights. Using the max-flow min-cut method to solve the energy minimization problem [3] , we obtain all the pixels belonging to the folds. The appropriate assignment of weights ensures efficient detection of the folds.
Due to the drastic change in position of the patient in supine and prone, the colon tends to stretch, contract, and move, resulting in the distortion of the folds. In addition, some areas might be densely populated with folds, while other areas are sparsely populated. To prevent any ambiguities, we only choose the significant folds, which have a lower chance of distortion. Therefore, we discard all of the folds whose length and size are below a certain threshold. For this, a preprocessing is performed using a breadth-first search to find all the connected components among the extracted folds. The prominent folds form larger connected components and thus by defining an experimental threshold value, all the smaller components are discarded. Hence, by varying the threshold we can monitor the number of detected folds based on our requirement. Figure 9 (a) shows the segmentation results for both the supine and prone surfaces.
After applying the threshold we now have all of the significant folds detected. These folds can be approximated as ellipses and hence the axial end points form good feature points for registration. These axial points of the detected folds are extracted and form our feature point set. Figure 9 (b) shows the detected features (in green) on both supine and prone surfaces.
We perform feature matching on each segment of the colon separately. Finding a correspondence between the extracted feature points in supine and prone is again formulated as an energy minimization problem by defining an objective function. The dual decomposition approach is employed for energy optimization, which is solved as an instance of the well-known graph matching problem [31] . Suppose the feature point sets are S 1 and S 2 on supine and prone respectively, and the matching is φ : S 1 → S 2 , then the objective function is defined as
where λ is determined experimentally. The objective function is chosen depending on the geometrical compatibility of feature correspondences and the spatial coherence of the matched features. It is defined by considering the weighted sum of two energy terms. The first term includes the geometric distance between the feature points within a pre-defined neighborhood. The second term evaluates the effect of including the distance of the unmatched features in the objective function. Minimization of this function using the dual decomposition approach will result in a unique set of feature correspondences.
Due to the large deformation between supine and prone, their folding patterns are highly inconsistent. Figure 9 (a) shows that the number of significant folds is different for supine and prone. Therefore, it is impossible to find the correspondence for all feature points on supine and prone, as shown in Figure 9 (b) and (c). In our graph matching algorithm, we try to utilize all of the matched features, and ignore those that are unmatched. In practice, we discover that the feature points near the taenia coli (the border of the rectangle) are more reliable and accurate than those in the middle. Therefore, our algorithm emphasizes the feature points near the borders more than those in the middle. Our experimental results demonstrate that the registration result is satisfactory even without the unreliable middle feature points.
Surface Registration with Features
Suppose the feature points are {p 0 , p 1 , ··· p n } on the supine surface and {q 0 , q 1 , ··· , q n } on the prone surface, such that p k corresponds to q k . In order to enforce the alignments among these features, we first use an affine map, η : R 2 → R 2 , which maps the rectangle of the supine to that of the prone. We then compute two harmonic functions,
and furthermore
and
Then, the final registration map from supine to prone, Φ : S 1 → S 2 , is
. This step adjusts the conformal mapping to be quasi-conformal and has linear complexity. This quasi-conformal correction is necessary due to the elastic deformation of the colon. As the elastic deformation of the colon between supine and prone cannot be known before registration, we do not use this value in creating the map. Rather, the feature points are used to guide the creation of a quasi-conformal map that will approximate the elastic deformations of the colon segments. These approximated deformations can be visualized based on the computed Beltrami coefficients (see Section 5.3 and Figures 11 and 12 ).
VISUALIZATION
Our method of performing supine-prone registration, whereby the 3D matching problem is reduced to a 2D image registration problem, presents several advantages for the corresponding visualization system. Since the registration is in the form of 2D image maps, a rendering of these flattened colon segments allows for the user to view the entire colon segments, supporting easier verification of the accuracy of the registration and easy navigation. Since these flattened colons also form a one-to-one and onto mapping, it is possible to correlate endoluminal views based on the viewing vector. Lastly, a visualization of the Beltrami coefficient on the colon surface is possible, allowing for the user to view where most of the elastic distortion has occurred.
We introduce a new path through the colon which we call the flattened centerline. With a colon segment mapped to a plane such that the segment boundaries are on top and bottom (resulting in a plane taller than it is wide), horizontal line segments then correspond to loop curves on the colon surface. The mass center of a loop is taken to be the central point for that plane of the colon segment. By calculating these mass centers along the entire flattened colon, we generate a path of points which generally mimics that of a centerline. However, since this is calculated from the flattened colons, we refer to it as the flattened centerline. To avoid confusion, we will use the term skeleton to refer to the 3D medial axis centerline which is conventionally calculated for VC systems [2] .
The flattened centerline can be efficiently calculated as a series of points through the colon lumen using the GPU to render the flattened colon mesh. For a desired number of points in the flattened centerline, the colon mesh is scaled so the longest side of the rectangular mesh is equal to this desired number of points. The mesh is rendered such that the color of each vertex is the original coordinates of the vertex in the volume, with the values interpolated to fill the triangles. Each row of pixels can then be averaged to obtain the mass center for that row, which is the point for that position on the flattened centerline.
Flattened Colon Rendering
As our registration results are natively two flat colon meshes with a one-to-one correspondence, our initial visualization is based off of this. Volumetric rendering of flattened colons has been presented and suggested for use in VC navigation [13] . We perform out rendering in much the same way, though we make use of the flattened centerline rather than the skeleton for generating viewpoints, as the flattened centerline is more apt to this task. An example of this flattened colon rendering is shown in Figure 1 .
With supine and prone placed side by side, it is easy for the user to scan through one colon, and if something suspicious is noted, immediately look at the same location on the neighboring colon. Since the flattened colons are both mapped to planes of the same size, there is a direct one-to-one and onto mapping. This is also trivial to implement in a user interface. We use this view as the basis for our visual inspection of the registration accuracy. An example of this can be seen in Figure 13 , where we compare the flattened, but unregistered, colons against the flattened and registered colons. Using the flattened viewing method, the alignment of the colon anatomy between supine and prone is immediately obvious compared to the unregistered segments.
Consistent Endoluminal Views
In order to visualize both supine and prone in a consistent manner, we map the camera frustum viewing the supine inner surface (mucosa) to the camera frustum viewing the prone mucosa. We achieve this by first matching the skeletons through the entire colon lumen, and then matching the camera orthonormal coordinate frames.
The skeletons are matched through the use of the flattened centerlines. Given a point c 0 on the discretized supine skeleton, we want to find the corresponding point c 1 on the discretized prone skeleton. We first find the point d 0 on the flattened centerline, which is the point nearest c 0 in R 3 . Given this point d 0 , the corresponding point d 1 on the prone flattened centerline is found at the same index. c 1 can then be found as the point on the prone skeleton closest in R 3 to d 1 . We focus our endoluminal correlation work on situations where the user is looking at something on the colon wall and wants to see the corresponding location in the other scan. Using the correspondence along the skeletons, it is possible to create a correlated automatic navigation, though we found running two fly-throughs side-by-side to be distracting and more hindrance than help. Orienting rotation around the skeleton for two automatic navigation views is possible by adapting the below described technique into a pre-processing step for each point along the discretized path.
We assume the optical center of the camera is at the skeleton as in a typical VC navigation. Suppose o is the optical center of the camera for supine, c is the point corresponding to o on the skeleton of prone. Furthermore, the z-axis of the camera for supine intersects the surface at the point p 0 , and the y-axis intersects the supine at p 1 , then let q 0 and q 1 be the corresponding points on the prone. Then, we can compute the frame of the camera on prone as follows:
and then the camera frame is given by {c; e 1 , e 2 , e 3 }. These camera coordinates and frame are used by our GPU accelerated ray caster to render the final endoluminal images, allowing the user to jump from a position on the supine to the same position on the prone. Figure 10 demonstrates the consistent volume rendering results using this camera frame matching method. Notice the deformation of the colon in Figures 10 (c) and (d), as the supine curves to the right and prone to the left, though the polyp remains located on the left side of the fold.
Visualization of Quasi-Conformality
The elastic deformation between supine and prone is measured by the Beltrami coefficients in Eqn. 1 through the resulting registration. In general, this information would likely not be of interest to a radiologist reading a VC study. However, visualizing the amount of distortion in this way may be useful to a doctor seeking to better understand how the colon deforms in certain regions. The quasi-conformal mapping deforms the circles to ellipses. Figure 11 illustrates that the deformation from supine to prone is quasiconformal. A general fundamental domain is chosen for the supine segment. We use its flat coordinates as the texture coordinates and compute the circle-packing texture mapping shown in (a), where the circularity is preserved. After registration to the flattened map of the prone segment, the supine planar image is changed and the circles are accordingly deformed to ellipses, shown in (c). Using the one-toone and onto mapping between supine and prone, we can efficiently compute the Beltrami coefficients on the triangular mesh surface. The quasi-conformality of the mapping is evaluated by the local stretching and angle distortion.Their color encoded texture images are shown in (e) and (f), respectively. The maximal local stretching is 11, and therefore mathematically called 11-Quasi-Conformal Mapping.
Based on the diffeomorphism constructed between supine and prone, we simulate the deformation process by a linearly interpolated morphing sequence. Then, we transfer the texture coordinates to each intermediate mesh surface consistently. Through the texture correspondence, we can visually get a better understanding of how the deformation behaves from supine to prone and vice versa. After registration, the supine and prone have the same mesh connectivity, but different geometry. As shown in Figure 12 , the morphing views sp 1 , sp 2 , sp 3 between supine and prone are generated by the linear interpolation of geometry at each vertex. Directly from the stretchingcolored views (a), one can easily comprehend where the main deformation happens. The global surface distortion is mainly affected by the local stretching deformation, valued by the ratio between the long axis and short axis of the ellipse locally. The local angle distortion, however, is intrinsic to the material properties of the organ muscle and tissue. Compared with the stretching, the angle distribution is more uniform through the whole deformation, as shown in (c). Here, the red color denotes the largest stretching (angle distortion), blue color the lowest stretching, and yellow and green in between. The consistent texture mapping of checker-board (b) and circle-packing (d) textures also demonstrates the quasi-conformality of the deformation.
EXPERIMENTAL RESULTS
We validate our algorithms using real VC colon data from the publicly available National Institute of Biomedical Imaging and Bioengineering (NIBIB) Image and Clinical Data Repository provided by the National Institute of Health (NIH). We perform electronic colon cleansing incorporating the partial volume effect [34] , segmentation with topological simplification [14] , and reconstruction of the colon surface via surface nets [8] on the original CT images in a pre-processing step. Though the size and resolution of each CT volume varies from dataset to dataset, the general data size is approximately 512 × 512 × 450 voxels and the general resolution is approximately 0.7 × 0.7 × 1.0 mm. In this paper, the colon surface is modeled as a topological cylinder and discretely represented by a triangular mesh.
We have developed our algorithms using generic C++ on the Windows XP platform. The linear systems in solving the Laplace equation are solved using the Matlab C++ library. All of the experiments are conducted on a workstation with a Core 2 Quad 2.50GHz CPU with 4GB RAM. The colon surface used for our testing has 200K faces. Our method is efficient and effective. Both the conformal mapping and the harmonic mapping have linear computational complexity. 10 11 12 10 10 shows the statistics for the conformal mapping of each segment. Table  2 shows the computational time for supine and prone feature matching (including feature extraction) and harmonic map registration.
We evaluate our registration results using two methods. The first is an objective analytic evaluation, whereby distances between corresponding points on the registered colons are calculated. The second method is a more subjective visual verification, whereby we observe the correct alignment of corresponding features in both flattened 2D views and endoluminal views using our consistent view camera mapping detailed in Section 5.
Analytic Registration Evaluation
Our first evaluation is a distance measurement between corresponding features located on the registered colon surfaces. Since our registration is in the 2D space using the flattened colon surfaces, a point (x, y, z) in R 3 on the original colon surface will be at a location (u, v) in R 2 on the registered surface. Thus, for a point p 0 = (u p , v p ) on the supine colon surface and its corresponding point q 0 = (u q , v q ) on the prone colon surface, a perfect registration with zero error is present when u p = u q and v p = v q . For two corresponding points, we compute the L 2 norm of their 2D coordinates with the width of the flattened images fixed to a unit length of 1. Note that the width along the flattened image is equivalent to the colon circumference for that location. We also compute the 3D distance error in millimeters. For the two corresponding points p 0 and q 0 in R 2 , we know their locations r 0 and s 0 in R 3 . If we take the supine surface (containing p 0 ) as the truth and wish to measure the registration error on the prone surface (containing q 0 ), we can identify the point p 1 = (u q , v q ) in R 2 on the supine surface and similarly its location r 1 in R 3 . The distance error in millimeters is then given to be |r 1 − r 0 |.
We obtain the corresponding feature points for evaluation in two ways. The first is by manually identifying points of interest (e.g., a polyp) on both colon surfaces. We manually select the center of polyps on the registered flat images. For the polyp shown in Figure 1 , the distance error is 0.0265 in R 2 and 5.31 mm in R 3 . We have evaluated our algorithm using a total of 20 pairs on 6 datasets, and the average distance error is 0.0305 in R 2 and 5.65 mm in R 3 .
Our second method of finding corresponding points is to use a subset (half) of the features obtained from the feature extraction detailed in Section 4.3. We use these features for evaluation purposes, and only the remaining half are used in the harmonic mapping step. Note that this inherently reduces the quality of the registration, and thus a registration using all feature points will contain less error. We generally computed 16 pairs of features points for each segment, about 2 feature points along one folding with obvious correspondence (see Figure 9 ). For the registration shown in Figure 1 , the distance error in terms of feature points evaluation is computed to be 0.0325 in R 2 and 7.51 mm in R 3 . The average R 3 distance on 6 datasets is 7.85 mm.
A comparison between our method and other methods is performed using our analytic evaluation results in R 3 . For those papers that present their distance error, we compare our results with their results in Table 3 . Our method produces a registration with significantly smaller distance error between corresponding points than other methods.
Visual Registration Verification
Perhaps a better indicator of the utility of our registration is a visual evaluation of the results, as this mimics most closely how the user of a VC system would use our results. For this, we utilized both the flattened rendering and the 3D correlated endoluminal renderings. In our experience, the correlation between the flattened renderings was good, as was the endoluminal views. In Figure 13 , we show three supineprone colon segments, flat rendered, both unregistered and registered. The images of the registered segments clearly show very good alignment of the supine and prone colon structures, whereas the unregistered segments show poor alignment.
We have also shown our results to a radiologist who was involved with the early conception of the VC system and thus has over ten years of experience in reading them. He noted that the flat rendering was realistic, and that the anatomy between supine and prone was easily compared and well correlated. He also noted the good correlation between the endoluminal views, and gave his opinion that such views were easier to compare than the flattened views due to his greater familiarity with them (he had not been exposed to flattened rendering prior to viewing this work).
Analysis and Discussion
The deformation between supine and prone scans of the colon surface is elastic, and from physics, elastic deformations are quasi-conformal. Therefore, in principle, our geometric model derives from the real biophysical properties of the muscle. Intuitively, the deformation at each point is determined by the elasticity properties of the colon surface, which are fully represented by the Beltrami coefficients. The physical property is fully encoded in the Beltrami coefficient function.
Previous works have most often focused on centerline alignment. The ground truth for colon deformation is the entire surface deformation, the centerline conveys only very limited information. Since our method uses the surface instead of the centerline, it is expected that we achieve better results than the more crude centerline methods, which has been shown in Table 3 .
For the method of registration based on global deformation [26] , a deformation field is defined for the whole volume which includes the volume inside the colon surface. Our method focuses on the intrinsic surface deformation itself. In reality, different colon surface parts can touch each other, and this kind of deformation cannot be captured by a method based on global deformation. In addition, volumetric deformation requires much higher storage requirements, and the resolution of the deformation field on the surface is much lower. Our method only considers the surface, and thus it has much more efficient storage and much higher resolution for the conformal field.
CONCLUSIONS AND FUTURE WORK
Shape registration is very fundamental for shape analysis problems, especially for abnormality detection in medical applications. We introduce an efficient framework for the registration of supine and prone colons, through the use of conformal geometry, to improve the accuracy of polyp detection. We automatically extract the anatomical landmarks, namely the taeniae coli and flexures, for consistent segmentation. We then conformally flatten the colon surfaces to the rectangular domain using holomorphic differentials. The feature points are automatically detected from mean-curvature encoded images using graph cut segmentation, and their correspondence between supine and prone are obtained by graph matching. These feature constraints are used to align the flattened domains by adjusting the conformal mapping to be quasi-conformal through the harmonic map. We demonstrate the efficiency of our method by both analytic evaluation and the 2D and 3D consistent registration views. The Beltrami coefficient is employed to analyze the physical deformation of the colon muscle and tissue. To our best knowledge, this is the first work to use a geometric mapping method for the supine and prone colon surface registration problem.
With the ability to measure and view the elastic distortion between segments of the supine and prone colons, we are seeking further outlets to which this work can be applied. We are looking at applying this registration to our CAD work to achieve better sensitivity and specificity. Additionally, we are looking to extend our work from 2D surface registration to 3D volumetric registration for colon wall segmenations which contain thickness.
